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In their activity, the traders approximate the rate of return by integer multiples of 
a minimal one. Therefore, it can be regarded as a quantized variable. On the other hand, 
there is the impossibility of observing the rate of return and its instantaneous forward 
time derivative, even if we consider it as a continuous variable. We present a quantum 
model for the rate of return based on the mathematical formalism used in the case of 
quantum systems with finite-dimensional Hilbert space. The rate of return is described 
by a discrete wave function and its time evolution by a Schrodinger type equation. 
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1. INTRODUCTION 

The mathematical modeling of price dynamics in a stock market is a very com- 
plex problem [1-9]. A given stock has not a definite price until it is traded. The price 
is exactly known only at the time of sale when the stock is between the traders. We 
can never simultaneously know both the price of a stock and its owner [7-11]. On 
the other hand, there is the impossibility of observing prices and their instantaneous 
forward time derivative Ifl2l . The stock price p is a discrete variable, not a continu- 
ous one. It is an integer multiple of a certain minimal quantity, a sort of 'quantum' 
of cash. The rate of return in a trading day 

Po 

where po lS the previous day's closing price, is also 'quantized'. The rate of return 
being directly related to the price, there is the impossibility of observing the rate of 
return and its instantaneous forward time derivative. 

The methods of quantum mechanics are among the tools used in order to get 
a deeper insight in the complexity of the financial markets. Our aim is to present 
a quantum model for the rate of return. We shall take into consideration only the 
case of stock markets with price limit rule: the rate of return in a trading day can not 
exceed a fixed limit ±q% (for example, in most Chinese stock markets q = 10). By 
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choosing 1% as a 'quantum' for the rate of return, the set of all the possible values of 
7£is 

C = {-q,-q+l,...,q-l,q}. 



2. A FINITE-DIMENSIONAL QUANTUM MODEL 
Let d=2q+l. The space % of all the functions 

considered together with the scalar product 

q 

n= — q 

is a d-dimensional Hilbert space isomorphic to C d . For each function ip we use 
Dirac's notation \ip) as an alternative notation, and the notation (tfi\ for the linear 
form 

(il>\:H^C:\<p)*(il>\<p). 
The normalized function corresponding to ifi ^ 0, namely, 

f:£^C, *(n) = ^^=V(n) (3) 

satisfies the relation 

^|*(n)| 2 = l. (4) 

n=—q 

Following the analogy with the case of quantum systems |[T3l[T4l . we describe the 
'state of our financial system' by a normalized function ^ : C — > C and consider that 

|^(n)| 2 

represents the probability to have a return rate equal to n%. 
The set of functions {|<5 n )}^ = _g, where 

1 for k = n 



5 n :C^C, 5 n (k) = { Q for Mn (5) 



is an orthonormal basis in H, that is, we have the relations 

1 

for m 



2^\5 n )(8 n \=I and (5 n \5 m ) = i ~ (6) 



n=—q 
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where I : % — > % is the identity operator = Since (6 n \ip) =ip(n), we have 
q g 
M=X>(n)|*„> and &\=J2W)(8n\. (7) 

n=—q n=—q 

By following the analogy with the case of quantum systems II13II14II . we define the 
Hermitian operator corr esponding to the rate of return as 

i 

K:H—>H, K=Y^ n\5 n )(5 n \ (8) 

n=— q 

that is, in terms of functions, as 

U — tH-.y^KV with (&¥)(n)=n¥(n). (9) 
The function \5 n ) is an eigenf unction of 1Z coiTesponding to the eigenvalue n 

K\5 n )=n\5 n ). (10) 

The finite Fourier transform 

F-.n^U, F=^J2 e- 2 -? kn \5 k )(6 n \ (11) 

k,n=—q 

is a unitary transformation. Its inverse is the adjoint transformation 

T+:H^U, F + = ^Y1 e ™ kn \ S k)($n\ (12) 

k,n=—q 

and 

\i/>)=? + \<p) W\ = (<P\J : - d3) 

The set of functions {\&n)} q n= - q , where \8 n ) = F + \8 n ), that is, 

8 n :£^C, ~5 n (k) = j= d e 2 ~f kn (14) 
is an orthonormal basis in %, that is, we have the relations 

"£\8 n ){8 n \=l and { ~S n \~6 m ) = { J j£ n = ™ (15) 

We define the operator corresponding to the trend of the rate of return, namely, 

q 

r-.n^n, t= ]T n\s n )(8 n \ m 

n=—q 

by following the analogy with the operator corresponding to the momentum in the 
case of the quantum systems with finite-dimensional Hilbert space [14]. The function 
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\ S n ) is an eigenf unction of T corresponding to the eigenvalue n 

t\8 n )=n\8 n ) (17) 

and 

g i 
T= n\5 n )(S n \ = nF + \5 n ){5 n \F = F + KT 

n=—q n=—q 

that is, 

T = T + KF. (18) 
In the case of a normalized function 'J?, the numbers 

(ft) = = K^(n)= £ n|^(n)| 2 

n=—q n=—q 

(f) = (V,tV) = (V^+KTV) = {F[%KF[V}) = £ n\F[S>}(n)\ 2 

n=~q 

represent the mean value of the rate of return and of the trend, respectively. 

The other financial variables are also described by Hermitian operators. For 
example, the relation CO, written in the form 

P= Po + Po^- 

allows us to define the price operator as 

p = p I + Po'JZ. (19) 



3. TIME EVOLUTION OF THE RATE OF RETURN 

By following the analogy with the quantum systems |[T3l . we assume that there 
exists a Hermitian operator of the form 

H=±t 2 + V(K,t) (20) 

called the Hamiltonian (ji is a positive constant), such that the function 

CxR — >C : (n,t)i->-*(n,t) 

describing the time evolution of the state of our financial system satisfies the Schrodinger 
equation 

i^ = ff*. (21) 
The time dependent function VP(n,i) is well-determined by its values *(n, 0) at t = 0. 

The rate of return of the stock market in equilibrium is usually described by a 
Gaussian function [8]. The Jacobi theta function |[T6l 

oo 

3 (z,t)= Y e iW e 2 ™ 2 (22) 

a=— oo 
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has several remarkable properties among which we mention: 

3 {z + 1,t) = 6 3 (z,t) (23) 

e 3 (z,ir) = ^ r e W ^eJ-,-) (24) 

and nunsi 

\ / v n=—q x ' 

For any k G (0,oo) the function 

oo 

7k :£^C, 7 „(») = £ ^ {md+n? (26) 

m=— oo 

can be expressed in terms of the Jacobi function 6 3 as 



■*<»> = 33* (3-s) (27) 



and the relation (l25l) becomes 



^[ 7 «] = 4=7i- (28) 



Since ||7i|| = v^ll-^bt]!! = 1 1 7k|| > tne normalized function 

Il7«ll 

satisfies the relation 

J-[T K ] = Ti. (29) 

The function T K can be regarded as a discrete version of the Gaussian function (see 
Fig. []} depending on a parameter k £ (0, oo). 



.ml] 



70.2(h) 



Ttt. g 



71 W 



72 (n) 



Fig. 1 - The functions 70.2 (left), 71 (center) and 72 (right) in the case q = 10. 

http://www.infim.ro/rrp ISSN: 1221-1451 



6 



Liviu- Adrian Cotfas 



^1 



|*(n,t)|< 

0.25 



0.15 



lit.-- g 



|*(n,t)p 

0.25 
0.15 



|*(n,t)| 2 

0.25 
0.15 

I'--- 



|*(n,t)|f 

0.25 
0.15 

Jill 



0.25 
0.15 



AA 



-10 -5 



|*(n,t)p 

0.25 



Fig. 2 - The probability |*(n,t)| 2 to have a rate of return equal to n% fort = 0, 1800, 3600, 7200, 
14400 and 28800 in the particular case q = 10, K = 0.2, fx = 1, £ = 1/10, w = 1 /5000. 



In the case of a Hamiltonian (l20b . the kinetic part J-T 2 represents the efforts 
of the traders to change prices Q. The intensive exchange of information in the 
world of finances is one of the main sources determining dynamics of prices. The 
potential part V(TZ,t) of H describes the interactions between traders as well as 
external economic conditions and even meteorological conditions Q. 

The total effect of market information affecting the stock price at a certain 
time determines either the stock price's rise or the stock price's decline. In order to 
illustrate our model, by following (SJ, we consider an idealized model in which we 
assume two type of information appear periodically. We choose a cosine function 
coswt to simulate the fluctuation of the information and use the Hamiltonian 

H = ^f 2 + /3 TZ cos ut. (30) 

where /3 is a constant. The solution of the Schrodinger equation 

* (31) 



1 - 

— T 2 + Tl cos cot 
2fi 



can be obtained by using a program in Mathematica ifTTl . We assume that at the 
opening time (t = 0) of the stock market, the wave function describing the rate of 
return is the function T K (corresponding to a certain k), that is, 

*(n,0) = T K (n). (32) 

| submitted to Romanian Reports in Physics] ISSN: 1221 1451 



A quantum mechanical model for the rate of return 



7 



The distribution of the probabilities |\&(n,i)| 2 corresponding to the possible values n 
of the rate of return at certain moments of time are presented in Fig. 2. We can remark 
that, for certain moments of time (t = 28800 seconds, in the presented example), the 
previsions of our model may be ambiguous. 



4. CONCLUDING REMARKS 

The quantum models facilitate the description of phenomena not fully ex- 
plained by the classical models. The proposed approach takes into consideration 
the discrete nature of the financial variables and keeps the essential characteristics of 
a usual infinite-dimensional model [8]. It uses a simpler mathematical formalism: 
finite sums instead of integrals, operators defined on the whole Hilbert space and 
with finite spectrum, system of first order differential equations instead of a second 
order differential equation with partial derivatives, etc. 
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